Abstract. We study solutions to the inverse mean curvature flow which evolve by homotheties of a given submanifold with arbitrary dimension and codimension. We first show that the closed ones are necessarily spherical minimal immersions and so we reveal the strong rigidity of the Clifford torus in this setting. Mainly we focus on the Lagrangian case, obtaining numerous examples and uniqueness results for some products of circles and spheres that generalize the Clifford torus to arbitrary dimension. We also characterize the pseudoumbilical ones in terms of soliton curves for the inverse curve shortening flow and minimal Legendrian immersions in odd-dimensional spheres. As a consequence, we classify the rotationally invariant Lagrangian homothetic solitons for the inverse mean curvature flow.
Introduction
A smooth family of immersions F = F (·, t) into Euclidean space evolves by the inverse mean curvature flow if
where H is the mean curvature vector of F and ⊥ denotes the normal component. There are many interesting papers on the inverse mean curvature flow (shortly IMCF) in the case of hypersurfaces; see for example [Ge90] , [HI08] , [Sm90] and [Ur90] . We emphasize two very important applications of the IMCF: on the one hand, Huisken and Ilmanen ( [HI97] , [HI01] ) used a level set approach for the IMCF and were able to prove the Riemannian Penrose inequality; on the other hand, using IMCF Bray and Neves ( [BN04] ) proved the Poincaré conjecture for 3-manifolds with Yamabe invariant greater than real projective 3-space.
Round hyperspheres in Euclidean space expand under the IMCF with an exponentially increasing radius. When we look for the condition on an immersion φ : M n → R m evolving by homotheties under the IMCF, we get that the evolution is given necessarily by F (x, t) = e at φ(x), t ≥ 0, for some a = 0, and φ has to verify the following equation:
where H = trace σ is the nonvanishing mean curvature vector of the immersion φ (σ is the second fundamental form) and ⊥ denotes the projection onto the normal bundle of M . The solutions of (*) are called homothetic solitons for the inverse mean curvature flow with constant velocity a = 0. We remark that (*) is invariant by dilations of φ. Hence the solutions of (*) give rise to homothetically shrinking or expanding solutions of the inverse mean curvature flow according to a < 0 or a > 0. In this way, solutions of (*) with a < 0 (resp. a > 0) are simply called shrinkers (resp. expanders) for the IMCF.
When n = 1 and m = 2, the solutions of (*) are explicitly described in [DLW15] . The corresponding plane curves include the classical logarithmic spirals and involutes of circles as expanders and the only closed ones are the circles centered at the origin ( [And03] ). When m = n + 1 and n ≥ 2, it is also proved in [DLW15] that the hyperspheres centered at the origin are exceptionally rigid since they are the only closed homothetic soliton hypersurfaces for the inverse mean curvature flow. However, in higher codimension, Drugan, Lee and Wheeler also observed in [DLW15] that any minimal submanifold of the standard hypersphere is an expander for the IMCF.
We show in Theorem 2.1 that the closed homothetic solitons for the inverse mean curvature flow are necessarily spherical minimal submanifolds. Making use of this fact, we also reveal a strong rigidity for the Clifford torus S 1 × S 1 in the class of closed homothetic solitons for the IMCF by showing that it is the only embedded torus in R 4 (Corollary 3.2), the only (besides the two-sphere) with constant Gauss curvature in R 4 (Corollary 3.3) and, surprisingly, the only equality case for a pinching on |σ| 2 /|H| 2 in general dimension with equal codimension (Corollary 3.5).
If we pay attention to the Lagrangian homothetic solitons for the IMCF in R 2n ≡ C n (n ≥ 2), we show in Theorem 3.1 that the closed ones are specifically Hopf immersions over minimal Lagrangian compact submanifolds in the complex projective space CP n−1 . In this way we first intensify the strong rigidity of the Clifford torus in this setting proving it is the only closed Lagrangian in C 2 (Corollary 3.6). Moreover, we provide several uniqueness results (see Corollaries 3.7, 3.8, 3.9 and 3.10) for the product of n circles S 1 × · · · × S 1 → C n and the Hopf immersion S 1 × S n−1 → C n , (e it , (x 1 , . . . , x n )) → √ ne it (x 1 , . . . , x n ), that generalize in two different ways the Clifford torus S 1 × S 1 ⊂ C 2 to arbitrary dimension via Lagrangian immersions.
In the last section of the paper we confirm that the class of non compact Lagrangian homothetic solitons for the IMCF is also huge. They include not only product submanifolds S 1 × k)
. . . × S 1 × R n−k → C n , 1 ≤ k ≤ n − 1, with constant velocity a = 1/k, but also generalized cylinders for arbitrary a = 0 (see (*)) of type C × R n−1 → C n , where C is a homothetic soliton for the inverse curve shortening flow with a = 0 the constant velocity of C. Moreover, we characterize in Theorem 4.1 the pseudoumbilical ones (cf. [CMU01] and [RU98] ) in terms of powers of soliton curves for the inverse curve shortening flow and minimal Legendrian immersions in odd-dimensional spheres. As a consequence, we classify in Corollary 4.1 the rotationally invariant Lagrangian homothetic solitons for the IMCF.
Solitons for the inverse mean curvature flow
Let φ : M n → R m be an isometric immersion of an n-dimensional manifold in Euclidean m-space with nonvanishing mean curvature vector H. We consider H = trace σ, where σ is the second fundamental form of φ. The Euclidean metric in R m will be denoted by ·, · . The submanifold M in R m is called a homothetic soliton for the inverse mean curvature flow if there exists a constant a = 0 satisfying
where ⊥ stands for the projection onto the normal bundle of M . This definition obeys the fact that
is then a solution to the inverse mean curvature flow (IMCF for short) given by ∂F ∂t
Thus a is said to be the velocity constant of φ. When a > 0 the soliton is simply called an expander for the IMCF and when a < 0 a shrinker for the IMCF.
It is remarkable that (2.1) is invariant by homotheties; that is, if φ is a homothetic soliton for the IMCF with velocity constant a, for any ρ > 0 the rescaled immersion ρ φ is a homothetic soliton for the IMCF with the same velocity constant a. For this reason, the possible classifications results on homothetic solitons for the IMCF must be done modulo dilations and the necessary hypothesis must be invariant by homotheties.
The solutions of (2.1) when n = 1 and m = 2 are known as homothetic solitons for the inverse curve shortening flow. They are explicitly described in [DLW15] and include the classical logarithmic spirals and involutes of circles as expanders; the only closed ones are the circles centered at the origin ( [And03] ). When n ≥ 2, the simplest examples of expander hypersurfaces for the IMCF are (modulo homotheties) the standard sphere S n ⊂ R n+1 (a = 1/n) and the cylinders
Remark 2.1. Spherical minimal submanifolds φ : M n → S m−1 (R) ⊂ R m satisfy H = −(n/R 2 )φ and then it is clear that they are expanders for the IMCF with a = 1/n. We notice that |H||φ| = n in this case.
In higher codimension we make use of Remark 2.1 to point out, up to homotheties, the following compact examples:
Example 2.1. For any n 1 , n 2 ∈ N such that n 1 + n 2 = n, the Clifford immersion
is a compact expander for the IMCF (a = 1/n) in R n+2 with |σ| 2 /|H| 2 = 2/n.
Example 2.2. The product of n circles
is a compact flat expander for the IMCF (a = 1/n) with |σ| 2 /|H| 2 = 1 in R 2n .
Example 2.3. The Hopf immersion
is a compact expander for the IMCF (a = 1/n) with |σ| 2 /|H| 2 = (3n
We notice that the Example 2.1, Example 2.2 and Example 2.3 coincide when n = 2 providing precisely the well-known Clifford torus S 1 × S 1 in R 4 .
We deduce the following geometric properties from the definition of homothetic soliton for the IMCF.
Lemma 2.1. Let φ : M n → R m be a homothetic soliton for the inverse mean curvature flow with constant velocity a. Then:
Proof. Using (2.1) we have that |H| 2 = −a|H| 2 φ, H and part (a) follows recalling that H is nonvanishing. On the other hand, using that H = trace σ, an easy computation gives us that the Laplacian of the squared norm of φ is given by |φ| 2 = 2( H, φ + n) and, using (a), we conclude part (b).
Remark 2.2. It is proved in Proposition 3 of [DLW15] that condition (a) in Lemma 2.1 characterizes the homothetic solitons for the IMCF of codimension one, including plane curves.
As a consequence of Lemma 2.1, we get the following characterization of the closed homothetic solitons for the IMCF (see Remark 2.1).
Theorem 2.1. Let φ : M n → R m be a homothetic soliton for the inverse mean curvature flow with constant velocity a. If M is closed, then a = 1/n (i.e. φ is an expander for the IMCF) and φ must be a spherical minimal immersion, that is, M is a minimal submanifold in some (m − 1)-sphere (centered at the origin).
Proof. We use Lemma 2.1 when M is closed. By integrating (b) we easily obtain that a = 1/n and, in addition, |φ| 2 is harmonic, hence constant, say |φ| ≡ R. So we have that φ : M n → S m−1 (R) ⊂ R m is a spherical immersion with mean curvature vectorĤ. Then H =Ĥ − (n/R 2 )φ. It is also clear that φ ⊥ = φ in this case: in general, φ = 1 2 ∇|φ| 2 (where ∇ means gradient with respect to the induced metric on M and denotes projection onto the tangent bundle) so that φ = 0 since |φ| is constant. As φ is an expander for the IMCF we deduce thatĤ = 0, that is, M is a minimal submanifold in the (m − 1)-sphere of radius R centered at the origin.
Example 2.2 and Example 2.3 belong to a special class of submanifolds of codimension n: the Lagrangian submanifolds. An immersion φ : M n → R 2n ≡ C n is said to be Lagrangian if the restriction to M of the Kaehler two-form ω( · , · ) = J·, · of C n vanishes. Here J is the complex structure on C n that defines a bundle isomorphism between the tangent and the normal bundle of φ for a Lagrangian submanifold. On the other hand, the mean curvature vector of a Lagrangian submanifold can be written as
where θ : M → R/2πZ is the so-called Lagrangian angle map of φ.
Closed expanders for the inverse mean curvature flow
In this section we make use of Theorem 2.1 to get some uniqueness results in the class of the closed homothetic solitons for the IMCF described in the previous section. The first direct application is considering m = n + 1, which implies that M n would be a closed (i.e. compact without boundary) submanifold in S n (R). In this way, we deduce the strong rigidity of the spheres in this setting, first proved in Theorem 12 of [DLW15] :
Corollary 3.1. Let M n be a homothetic soliton hypersurface for the inverse mean curvature flow in R n+1 (n ≥ 2). If M is closed then M is, up to dilations, the round hypersphere S n (centered at the origin).
The second direct application, also commented in [DLW15] , is deduced thanks to the Lawson's construction (cf. [La70] ) of minimal surfaces in S 3 : For any integer g ≥ 1, there exists at least one two-dimensional compact embedded expander for the IMCF of genus g in R 4 . The Brendel proof of Lawson's conjecture (cf. [Br13] ) translates into the following characterization of the Clifford torus S 1 × S 1 .
Corollary 3.2. Let M 2 be a homothetic soliton for the inverse mean curvature flow in R 4 . If M is an embedded torus then M is the Clifford torus.
The third direct application comes from the rigidity results in Corollary 3 and Theorem 3 of [La69] with assumptions on the Gauss curvature of the surface.
Corollary 3.3. Let M 2 be a closed homothetic soliton for the inverse mean curvature flow in R 4 . If the Gauss curvature K of M is constant or non negative then M is, up to dilations, the sphere S 2 or the Clifford torus S 1 ×S 1 .
But we can get another characterization of the sphere, the Clifford torus and the Veronese immersion (in a not so trivial way) with hypothesis involving a pinching condition on the norms of the second fundamental form and the mean curvature vector, condition that is invariant by dilations as just happens to the definition of homothetic soliton for the IMCF.
Corollary 3.4. Let φ : M n → R n+p (n ≥ 2, p ≥ 1) be a closed homothetic soliton for the inverse mean curvature flow. If
(1) either |σ| 2 /|H| 2 = 1/n and M is, up to dilations, the hypersphere S n (centered at the origin) in R n+1 (i.e. p = 1), (2) or |σ| 2 /|H| 2 = 3p−4 n(2p−3) and M is, up to dilations, (a) either the Clifford immersion of S n 1 ( √ n 1 )×S n 2 ( √ n 2 ), n 1 +n 2 = n, in R n+2 (with |σ| 2 /|H| 2 = 2/n, i.e. p = 2), (b) or the Veronese immersion of S 2 in R 5 (with |σ| 2 /|H| 2 = 5/6, i.e. n = 2, p = 3).
In a similar way to Theorem A in [CL14] , the proof of Corollary 3.4 consists in translating the well-known results of Simon [Si68] , Lawson [La69] and Chern-Do Carmo-Kobayashi [CdCK78] about intrinsic rigidity for minimal submanifolds in the unit sphere. Concretely, one must simply take into account that if φ : M n → S m−1 (R) ⊂ R m is a spherical minimal immersion with second fundamental formσ, then H = −(n/R 2 )φ (and so |H||φ| = n) and, in addition, it satisfies |σ| 2 = |σ| 2 + n/R 2 .
If the dimension and the codimension of the submanifold M coincide (what happens, for example, when M is Lagrangian), only the case (2)-(a) with n = 2 in Corollary 3.4 is possible; this immediately implies the following surprising characterization of the Clifford torus S 1 × S 1 .
Corollary 3.5. Let φ : M n → R 2n be a closed homothetic soliton for the inverse mean curvature flow with codimension n ≥ 2. If
then n = 2, |σ| 2 = |H| 2 and M is, up to dilations, the Clifford torus S 1 × S 1 in R 4 .
We emphasize that the Example 2.1, Example 2.2 and Example 2.3 coincide when n = 2 providing precisely the Clifford torus S 1 × S 1 in R 4 . In fact, we remark that Example 2.2 and Example 2.3 satisfy the hypothesis (3.2) of Corollary 3.5 only when n = 2.
In the Lagrangian setting we show that there are many examples of closed expanders for the IMCF thanks to the following result.
where ψ : N n−1 → S 2n−1 ⊂ C n is a minimal Legendrian immersion.
Proof. Using that M is closed and the description in [Ch13] of the spherical Lagrangian submanifolds in complex Euclidean space, we deduce that M = S 1 × N n−1 , where N is also closed, and φ is given, up to dilations, by φ(e it , x) = e it ψ(x), where ψ : N n−1 → S 2n−1 ⊂ C n is a Legendrian immersion. It is easy to check that φ ⊥ = φ = −Jφ t . Using the formula for H given in part 4 of Proposition 3 in [RU98] , we deduce that ψ is necessarily minimal in order to H be collinear to φ ⊥ and, in addition, H = nJφ t and so φ satisfies (2.1).
Remark 3.1. There are many examples of compact minimal Legendrian submanifolds in odd-dimensional spheres (see [Na81] , Section 2 in [BG04] or Section 2 in [CU04] and Section 4 in [CLU06] ). Moreover, minimal Legendrian submanifolds in S 2n−1 are in correspondence to minimal Lagrangian submanifolds in the complex projective space CP n−1 projecting via the Hopf fibration Π : S 2n−1 → CP n−1 . Hence in Theorem 3.1 we arrive at a family of closed Lagrangian submanifolds in C n which can be considered Hopf immersions over closed minimal Lagrangian submanifolds in CP n−1 (see the Hopf tori studied in [Pi85] ). The Hopf immersion described in the Example 2.3 corresponds (up to a homothety) to the election of the totally geodesic Legendrian immersion ψ : S n−1 → S 2n−1 ⊂ C n , ψ(x) = x, which produces the totally geodesic Lagrangian S n−1 in CP n−1 .
The Example 2.2 is produced (up to a homothety of ratio √ n) by considering the minimal Legendrian immersion given by
which provides the torus T n−1 described in Section III.3.A of [HL82] . In this way we get a finite Riemannian covering of the so-called generalized Clifford torus in CP n−1 (see for instance [LZ94] ).
In the two-dimensional case, since a minimal Legendrian curve in S 3 must be totally geodesic, as an immediate consequence of Theorem 3.1 we get a new rigidity result for the Clifford torus.
Corollary 3.6. Let φ : M 2 → R 4 be a closed homothetic soliton for the inverse mean curvature flow. If φ is Lagrangian then M 2 is, up to dilations, the Clifford torus S 1 × S 1 .
We involve the sectional curvature in the next result in order to characterize the Example 2.3 and the Example 2.2 when n = 3.
Corollary 3.7. Let φ : M 3 → C 3 be a closed orientable Lagrangian homothetic soliton for the inverse mean curvature flow. If the sectional curvature K of M 3 verifies that K ≥ 0 or K ≤ 0 then M 3 is, up to dilations, the Hopf immersion of S 1 × S 2 in C 3 described in the Example 2.3 or the immersion of S 1 × S 1 × S 1 in R 6 described in the Example 2.2.
Proof. Using Theorem 3.1 we know that, up to dilations, M = S 1 × N 2 , where (N 2 , g) is a closed orientable manifold, and φ is given by φ(e it , x) = e it ψ(x), where ψ : N 2 → S 5 ⊂ C 3 is a minimal Legendrian immersion. The induced metric φ * ·, · is simply the product metric dt 2 × g. In this case ψ produces a minimal Lagrangian closed orientable surface in CP 2 via the Hopf fibration with the same induced metric. We now make use of some results in [Ya74] on this class of minimal Lagrangian surfaces in CP 2 . If the genus of N is zero, we can conclude that ψ is totally geodesic and we obtain the Example 2.3 for n = 3. When the genus of N is non null, since K ≥ 0 or K ≤ 0 necessarily K N ≥ 0 or K N ≤ 0 respectively. Then Theorem 7 of [Ya74] implies that K N = 0 and N must be the generalized Clifford torus in CP 2 . In this case we obtain the Example 2.2 for n = 3 (see Remark 3.1).
If we assume that the sectional curvature of a closed Lagrangian homothetic soliton for the IMCF is constant, we obtain the following uniqueness result for the product of n circles in R 2n .
Corollary 3.8. Let φ : M n → C n be a closed Lagrangian homothetic soliton for the inverse mean curvature flow. If the sectional curvature K of M n is constant then M n is, up to dilations, the immersion of S 1 × n)
. . . ×S 1 in R 2n described in the Example 2.2.
Proof. Using again Theorem 3.1 we have that, up to dilations, M = S 1 × N n−1 , where (N n−1 , g) is a closed manifold, and φ is given by φ(e it , x) = e it ψ(x), where ψ : N n−1 → S 2n−1 ⊂ C n is a minimal Legendrian immersion. The induced metric φ * ·, · is the product metric dt 2 × g. Thus, if we assume that K is constant, necessarily M must be flat, i.e. K = 0. Then the sectional curvature K N of N is zero too.
Via the Hopf fibration Π, ψ provides a minimal Lagrangian in CP n−1 with zero sectional curvature. Using the main result of [LZ94] we have that Π • ψ is the generalized Clifford torus. Therefore, taking into account Remark 3.1, φ is the Example 2.2.
The following result follows the same spirit of Corollaries 3.4 and 3.5.
Corollary 3.9. Let φ : M n → C n be a closed Lagrangian homothetic soliton for the inverse mean curvature flow. If
either |σ| 2 /|H| 2 = (3n−2)/n 2 and φ is given, up to dilations, by the Hopf immersion of S 1 ×S n−1 in C n described in Example 2.3 or n = 3, |σ| 2 /|H| 2 = 1 and φ is given, up to dilations, by
Proof. By Theorem 3.1 we can consider, up to dilations, φ : S 1 ×N n−1 → C n , φ(e it , x) = e it ψ(x), with ψ : N n−1 → S 2n−1 ⊂ C n a minimal Legendrian immersion. Since |φ| = 1 we know that |H| 2 = n 2 (see Remark 2.1). Via the Hopf fibration Π, ψ provides a minimal Lagrangian immersion of N in CP n−1 such that |σ Π•ψ | 2 = |σ| 2 − 3n + 2, using the formula given in part 3 of Proposition 3 in [RU98] . Then (3.3) gives that |σ Π•ψ | 2 ≤ 2n/3. Now Theorem 1 of [Xi92] implies that Π • ψ is totally geodesic (and so |σ| 2 = 3n − 2) or the generalized Clifford torus of CP 2 . Taking into account Remark 3.1, we conclude the proof.
Remark 3.2. The proof of Corollary 3.9 implies that a closed Lagrangian homothetic soliton for the IMCF in C n always satisfies that
and the equality holds only for the Hopf immersion of S 1 × S n−1 in C n described in Example 2.3. On the other hand, we easily can verify that the bound for |σ| 2 /|H| 2 given in (3.3) is always greater than the one given in (3.2). Moreover, the bound given in (3.4) and (3.2) only coincide if n = 2 with the Clifford torus.
We finish this section characterizing the Example 2.3 by its high degree of symmetry.
Corollary 3.10. Let φ : M n → C n be a closed Lagrangian homothetic soliton for the inverse mean curvature flow. If φ is invariant under the action of the special orthogonal group given by
then φ is given, up to dilations, by the Hopf immersion of S 1 × S n−1 in C n given in Example 2.3.
Lagrangian homothetic solitons for the IMCF
The simplest Lagrangian submanifolds in complex Euclidean space C n are plane curves, corresponding to n = 1. Taking into account Remark 2.2, for a given plane regular curve α = α(t), t ∈ I ⊆ R, the equation (2.1) reduces to (4.1) aκ α , Jα = |α | where J denotes the +π/2-rotation in C and κ is the (signed) curvature of α. The homothetic solitons for the inverse curve shortening flow are the solutions of (4.1). Andrews proved in [And03] that circles centered at the origin are the only compact regular solutions of (4.1). The classification of all the homothetic soliton curves was given in [DLW15] and they are explicitly described using the slope θ of the tangent vector as parameter for α(θ) = (x(θ), y(θ)), where
with θ ∈ R and c 1 , c 2 ∈ R.
Remark 4.1. It is mentioned in [DLW15] that when a = 1, if c 2 = 0 we get the circle of radius |c 1 | and if c 2 = 0 it becomes the involute of the circle of radius |c 2 |. In addition, when a > 1, if c 1 = c 2 = 1 the classical logarithmic spirals appear (see Figure 1) . We observe that when a < 1 taking a = 1 − m 2 /k 2 , m, k ∈ N, m = k, we get epicycloids (see Figure 2 ) if m < k, i.e. 0 < a < 1, and hypocycloids (see Making the Cartesian product of n plane curves we get flat Lagrangians in C n . The Example 2.2 is obtained using simply n circles (of the same radius) centered at the origin. In the following result we look for all the Lagrangian homothetic solitons for the IMCF constructed in this way. . . . × S 1 → C n , with a = 1/n.
where C is a homothetic soliton for the inverse curve shortening flow, with a = 0 the constant velocity of C.
Proof. Let α 1 , . . . , α n be plane regular curves, and denote by s j the arc length parameter of α j , 1 ≤ j ≤ n. Then the product immersion
is a flat Lagrangian immersion whose mean curvature vector is
where κ j denotes the curvature of the curve α j , 1 ≤ j ≤ n. On the other hand, it is easy to check that
Thus we have that φ satisfies (2.1) if and only if
According to (4.4), α j , Jα j = 0 ⇔ κ j = 0 since a = 0. But if α j , Jα j = 0 ∀j, 1 ≤ j ≤ n, then H = 0. So we can assume that α 1 , Jα 1 = 0 and then (4.4) implies that κ i , 2 ≤ i ≤ n, are constant. If κ i = 0 ∀i, 2 ≤ i ≤ n, then (4.4) gives that aκ 1 α 1 , Jα 1 = 1, which means that α 1 is a soliton with constant velocity a according to (4.1). In this case we arrive at C × R n−1 , where C is a homothetic soliton for the inverse curve shortening flow with constant velocity a = 0.
Otherwise, we can take κ l = 1/R l , 1 ≤ l ≤ k and κ m = 0, k + 1 ≤ m ≤ n, with 1 ≤ k ≤ n. Up to translations, we can write α l (s l ) = R l e is l /R l , 1 ≤ l ≤ k, and now (4.4) gives
This means that R 1 = · · · = R k and, in addition, a = 1/k. In this way, up to dilations, we get
The Lagrangian expanders for the IMCF described in Theorem 3.1 belong to a bigger class of Lagrangian homothetic solitons that will be also studied in this section. We start recalling the notion of pseudoumbilical Lagrangians introduced in [RU98] and [CMU01] . A Lagrangian submanifold M n in C n is called pseudoumbilical if there exists a non parallel closed conformal vector field X on M such that σ(X, X) = ρJX for some smooth function ρ. It was proved in Corollary 1 of [RU98] that the pseudoumbilical Lagrangians in C n are locally given by the Lagrangian immersions
where α : I → C * is a regular plane curve and ψ : N −→ S 2n−1 ⊂ C n is a Legendrian immersion of a Riemannian (n − 1)-manifold (N, g). The closed Lagrangian expanders for the IMCF described in Theorem 3.1 are obtained by considering the circle α(t) = e it and a minimal Legendrian immersion ψ of a closed (n − 1)-manifold N . The main result of this section provides the local classification of the Lagrangian homothetic solitons for the IMCF which are pseudoumbilical.
Theorem 4.1. Let φ : M n → C n be a Lagrangian pseudoumbilical homothetic soliton for the inverse mean curvature flow with constant velocity a. Then φ is locally congruent to
where ψ : N −→ S 2n−1 ⊂ C n is a minimal Legendrian immersion of a Riemannian (n − 1)-manifold N and α : I → C * is a regular plane curve such that α n is a homothetic soliton for the inverse curve shortening flow with constant velocity n a.
Proof. Thanks to the aforementioned local classification of pseudoumbilical Lagrangians, we must simply study when φ(t, x) = α(t)ψ(x) verifies (2.1), with α a regular plane curve and ψ : N → S 2n−1 ⊂ C n a Legendrian immersion of a Riemannian (n − 1)-manifold (N, g). In Theorem 4.1. of [AC11] one can find a complete study of this type of Lagrangian immersions. Concretely we will use that the induced metric is On the other hand, taking (2.2), (4.5) and (4.6) into account, looking at (4.7) it is clear that for H being collinear with φ ⊥ it is necessary the minimality of ψ and so where κ α is the curvature of α. But (4.10) has a simpler expression by considering β := α n . It is not difficult to check that (4.10) is equivalent to (4.11) n a β , Jβ κ β = |β | Taking into account (4.1), we have that (4.11) implies that β = α n is a homothetic soliton for the one dimensional IMCF with constant velocity n a.
If we take in Theorem 4.1 the totally geodesic Legendrian immersion ψ : S n−1 → S 2n−1 ⊂ C n , ψ(x) = x, we get SO(n)-invariant Lagrangian homothetic solitons for the IMCF that play the role of the equivariant Lagrangian self-similar solutions to the mean curvature flow in C n studied in [An06] .
Corollary 4.1. Let φ : M n → C n be a Lagrangian homothetic soliton for the inverse mean curvature flow. If φ is invariant under the action of the special orthogonal group given in (3.5) then φ is, up to dilations, the immersion R × S n−1 → C n given by According to Corollary 3.10, the only closed one in the above family is the Hopf immersion described in Example 2.3, which corresponds to a = 1/n, c 2 = 0 and |c 1 | = n n/2 .
